Abstract: We provide in this work sufficient conditions for existence of positive unbounded solutions to the boundary value problem
where φ : R + −→ R + is an increasing homeomorphism with φ(0) = 0, R + = [0, +∞) , a : (0, +∞) −→ R + is a measurable function and f : R + × R + → R + is a continuous function. We mean, by a positive solution to Problem (1.1), a function u ∈ C 1 (R + , R + ) such that φ (u ′ ) ∈ C ((0, +∞) , R) and u(t 0 ) > 0 for some t 0 > 0, satisfying all equations in (1.1).
Our main result will be obtained under the following assumptions:
There exist m ∈ C ((0, +∞), R + ) and g ∈ C (R + , R + )
such that f (t, (1 + t)w) ≤ m(t)g(w) for all t, w ∈ R + where ψ denotes the inverse function of φ. Because of their mathematical and physical interest, the study of second order differential equations posed on the half line and subject to various boundary conditions have received a great deal of attention during the latter two decades; see [9] [10] [11] [12] [13] [14] and references therein.
This work is motivated by that in [12] , where D. O'Regan et al. consider the Problem (1.1) with φ (u) = u and f may be singular at u = 0. They obtain existence and multiplicity results for positive solutions in the functional space constituted by the functions u ∈ C (R + , R + ) satisfying lim t→+∞ u(t)/ (1 + t) = 0 endowed with the norm u = sup t∈R + |u(t)| 1 + t . Clearly, the choice of this space is motivated by the boundary condition in Problem (1.1) , u ′ (+∞) = 0 and fortunately, this space
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The main goal of this paper is to provide existence results for positive unbounded solutions under additionnal assumptions on the behavior of the ratio f (t, u)/φ(u) at 0 and +∞ as those obtained in [1] [2] [3] [4] [5] [6] . We will make use of a theorem of cone expansion and compression in a Banach space in the same framework as that in [12] . In contrast to [12] , here hypothesis (1.4) ensure that the obtained positive solution is unbounded.
Preliminaries
The main tool of this paper is the following theorem of cone expansion and compression in a Banach space. 
ii) Au ≤ u for all u ∈ P ∩ ∂Ω 2 and Au ≥ u for all u ∈ P ∩ ∂Ω 1 .
Then A has at least one fixed point in P ∩ Ω 2 \Ω 1 .
In all this paper E denotes the Banach space defined
equiped with the norm · E , defined for u ∈ E by u E = sup t≥0 u(t) 1 + t . In order to prove the compacteness of some operator we will make use of the following lemma.
Lemma 2.2. ( [7] , [12] , [13] ) A nonempty subset M of E is relatively compact if the following conditions hold:
, that is, equicontinuous on every compact interval of R + and (c) the functions belonging to u :
Throughout, K is the cone of E given by
Proof. First, note that the function h(t) = u(t) 1 + t is continuous and satisfies h(0) = h(+∞) = 0, so, it achieves its maximum at some t 0 > 0.
Then, since u is concave and nondecreasing on (0, +∞), we have for all t ∈ 1 θ , θ
The lemma is proved.
Remark 2.4. We have from the above lemma that for all u ∈ K and θ > 1
Let ψ be the inverse function of φ and consider the operator T : Proof. Let u ∈ K and v = T u. We have for arbitrary δ > 0,
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Clearly, the above inequalities mean that v is defined and continuous on [0, δ] and since δ is arbitrary v is continuous on R + .
We have obviously that v(0) = 0 and (φ (v ′ ))
Thus, the facts that φ is increasing and lim t→+∞ v ′ (t) = 0 imply that v ′ is nonincreasing and nonnegative on (0, +∞) . That is, v is concave.
Finally we have Proof. In order to prove that T is continuous, let (u n ) n ⊂ K be such that lim u n = u in E and R > 0 be such that u n E ≤ R for all positive integer n.
We have lim n→∞ f (t, u n (t)) = f (t, u(t)) for all t ≥ 0 and for all s ≥ 0
Since lim n→∞ f (t, u n (t)) = f (t, u(t)) for all t ≥ 0 and
by Lebesgue dominated convergence theorem. Thus, the uniform continuity of ψ on compact intervals of R + implies that for all ǫ > 0 there exists a positive integer n ǫ such that for all n ≥ n ǫ and all s ≥ 0
Let δ > 0 and B δ = {u ∈ K : u E ≤ δ}. We have for all u ∈ B δ
T u E = sup Let A > 0 and t 1 , t 2 ∈ [0, A]. We have: At this stage we have for all u ∈ B δ T u(t)
This together with hypothesis (1.3) implies that T (B δ ) is equiconvergent.
Therefore we deduce from Lemma 2.2 that T (B δ ) is relatively compact in E and the operator T is completly continuous.
It is easy to prove the following lemma. Proof. Let u be a positive solution of Problem (1.1). We have from Lemma 2.7 that
Suppose that u is bounded and let u ∞ = lim t→+∞ u(t) > 0. Let ǫ 0 > 0 be such that
Thus we obtain from hypothesis (1.4) and the above inequality the contradiction
This completes the proof.
The Main Result
The statement of the main result of this paper needs to introduce the following notations. We have from hypothesis (1.5) that
or in another manner
In fact (1.5) is a technical condition and we often met in φ−Laplacian BVPs literature conditions looking like it, see [1] [2] [3] [4] [5] [6] and references therein.
Let θ > 1 be fixed and set
Theorem 3.1. Assume that hypotheses (1.2) − (1.5) and one of the following conditions
hold true. Then Problem (1.1) has at least one unbounded positive solution.
Proof. a). We consider first the case where (3.3) is satisfied. Let ǫ > 0 be such that g 0 + ǫ < Γ. For a such ǫ, there exists
for all u ≥ R 2 and all r ∈ I θ . Thus we have for all
Therfore, we deduce from i) of Theorem 2.1 that T admits a fixed point u ∈ K with R 1 < u E < R 2 which is, by Lemmas 2.7 and 2.8, a positive unbounded solution to Problem (1.1) . b). Now we consider the case where condition (3.4) is satisfied. Let ǫ > 0 be such that (f ∞ − ǫ) > Θ (θ) . There exists R 1 > 0 such that f (r, u) > (f ∞ − ν)φ u 1 + r for all u ≤ R 1 and all r ∈ I θ . Thus we have for all u ∈ K ∩ ∂Ω 1 , where
Let ν > 0 be such that (g ∞ + ν) < Γ. Then there exists c > 0 and
Thus we have for all u ∈ K ∩ ∂Ω 2 , where Ω 2 = {u ∈ E : u E < R 2 } , that
We deduce from ii) of Theorem 2.1 that T admits a fixed point u ∈ K with R 1 < u E < R 2 which is, by Lemmas 2.7 and 2.8 a positive unbounded solution to Problem (1.1) . This ends the proof.
Example 3.2. Consider the boundary value problem (1.1) with φ (u)
Clearly (1.5) is satisfied with α = q − 1 and (1.2) is satisfied with m(t) = 1 and g (w) = Aw p−1 .
Straighforward computations lead to Thus, we conclude from Theorem 3.1 that Problem (1.1) has at least one positive unbounded solution if A > (1 + θ) Θ (θ).
